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Optimality conditions for

constrained convex optimization problems

(CO) min f(x)
x € C.

F={z€C|gj(z) <0, jeJ}

Let CO denote the relative interior of the convex
set C.

Definition 1 A vector (point) z° € CO is called a
Slater point of (CO) if
gj(:lzo) <0, for all j where g; is nonlinear,
g;(z%) <0, for all j where g, is linear.
(CO) is Slater regular or (CO) satisfies the Slater condition

(in other words, (CO) satisfies the Slater constraint qualifi-

cation).
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Ideal Slater Point

Some constraint functions g;(z) might take the
value zero for all feasible points. Such constraints
are called singular while the others are called reg-
ular.

Js={j€J|gj(x) =0 for all z € F},

Jr=J—-Js={j€J]|gj(z) <0 for some x € F}.

Remark: Note, that if (CO) is Slater regular, then
all singular functions must be linear.

Definition 2 A vector (point) z* € CY is called an
Ideal Slater point of the convex optimization prob-
lem (CO) if

gj(z*) <0 foralljeJr,

gi(z*) =0 forall je Js

Lemma 1 If the problem (CO) is Slater regular
then there exists an ideal Slater point ™ € F.
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Convex Farkas Lemma

Theorem 1 Let U C IR"™ be a convex set and a
point w € R"™ with w ¢ U be given. Then there
IS a separating hyperplane alw < «, With a € IR",
a € IR such that alw > « for all w € U but U is not
a subset of the hyperplane {z | a'z = a}.

Note that the last property says that there is a
u € U such that alw > a.

Lemma 2 (Farkas) The convex optimization prob-
lem (CO) is given and we assume that the Slater
regularity condition is satisfied. The inequality sys-
tem

f(x) <O

gj(z) <0, j=1,---,m (1)

x € C.
has no solution if and only if there exists a vector
y = (y1,---,ym) > 0 such that

f(x) + i y;gi(x) >0 forall z eC. (2)
j=1

The systems (1) and (2) are called alternative sys-
tems, i.e. exactly one of them has a solution.
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Proof of the

Convex Farkas Lemma

If (1) is solvable, then (2) cannot hold.

To prove the other side: let us assume that (1) has no solu-
tion. With v = (ug, - - -, um), we define the set i ¢ R™T!

U={u|TzelC with wug> f(x), u; >g;(x) if je€ Jp,
u; = gi(x) if j e Js}.

U is convex (note that due to the Slater condition singular
functions are linear)

due to the infeasibility of (1) it does not contain the origin.
Due to the separation Theorem 1 there exists a separating
hyperplane defined by (yo,y1,--,ym) and a = 0 such that

> yju; >0 foralluecld (3)
j=0

and for some uw € U one has
m
Zyﬁj > 0. (4)
j=0

The rest of the proof is divided into four parts.

I. First we prove that yo > 0 and y; > 0 for all j € J,.

II. Secondly we establish that (3) holds for

III. Then we prove that yo must be positive.

IV. Finally, it is shown by using induction that
y; > 0 for all 5 € Js can be reached.
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Proof: Steps I and II

I. First we show that yo > 0 and y; > O for all
3 € Jr. Let us assume that yg < 0. Let us take an
arbitrary (ug,uq1, - -,um) € U. By definition

(ug + N\, uq, -+, um) €U for all A > 0.

Hence by (3) one has

m
Ayo+ > yju; >0 for all A > 0.
j=0
For sufficiently large A\ the left hand side is neg-
ative, which is a contradiction, i.e. yg must be
nonnegative. The proof of the nonnegativity of all
y; as j € Jr goes analogously.

II. Secondly we establish that

yof(x) + Z yigi(x) >0 forallzeC. (5)

1=1
This follows from the observation that
for all x € C and for all A > 0 one has

u= (f(z) + XA g1(x),---,gm(x)) €U, thus

yo(f(x) + ) + Y yg;(x) >0 for all z € C.

1=1
Taking the limit as A — 0 the claim follows.
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Proof: Step III

III. Thirdly we show that yo > 0. The proof is by contradic-
tion. We already know that yo > 0. Let us assume to the
contrary that yo = 0. Hence from (5) we have

Zngj(ﬂf) + Zngj(w) = Zngj(x) >0 for all z €C.

JEJ: JEJ, J=1
Taking an ideal Slater point z* € C° one has
gi(x") =0 if je Jg,
whence

> yigi(z*) > 0.

jeJ;

Since y; > 0 and g;(«*) < 0 for all j € J,, this implies y; = 0
for all 3 € J.. This results in

Zngj(:c) >0 forall x €C. (6)
JEJ;

Now, from (4), with z € C such that uw; = g;(z) if ¢ € Js we
have

> yg5(T) > 0. (7)
JEJ;
Because the ideal Slater point z* is in the relative interior
of C there exist a vector x € C and 0 < A < 1 such that
z* = Az 4+ (1 — A)Z. Using that g;(z*) = 0 for j € J, and that

the singular functions are linear one gets
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Proof: Step III cntd.

o
|

>icds Yig;(x™)

= Yiess¥igi(AT + (1 = M)Z)

= A e ¥igi (@) + (1 =) Xics, v;9;(T)
> (1—-2)Yjies,9i9(%).

Here the last inequality follows from (7). The in-
equality
(1-X) D yi9;(@) <0
JE€Js
contradicts (6). Hence we have proved that yg > 0.

At this point we have (5) with yg > 0 and y; > 0
for all 5 € Jr. Dividing by yg > 0 in (5) and by
defining y; := z—g for all j € J we obtain

f(x) + i y;g;(x) >0 forall z €C. (8)

1=1
We finally show that y may be taken such that
y; > 0 for all j € Js.
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Proof: Step IV

IV. To complete the proof we show by induction
on the cardinality of Js that one can make yj non-
negative for all j € Js. Observe that if Js = 0 then
we are done. If |Js| = 1 then we apply the results
proved till this point to the inequality system

gs(z) <O,

gj(x) <0, J € Jr, (9)

x eC
where {s} = Js. The system (9) has no solution, it
satisfies the Slater condition, and therefore there
exists a § € IR™~1 such that

gs(z) + > y;igi(x) >0 for all z €C, (10)
JEJIr
where ys > 0 and y; > 0 for all j € Jr. Adding
a sufficiently large positive multiple of (10) to (8)
one obtains a positive coefficient for gs(x).

The general inductive step goes analogously.
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Proof: Step IV cntd.

Assuming that the result is proved if |Js| = k then the result is
proved for the case |Js| = k+ 1. Let s € J; then |J;\ {s}| =k,
and hence the inductive assumption applies to the system

gs(x) <O
gi(x) <0, jeJ,
x eC

By construction the system (11) has no solution, it satisfies
the Slater condition, and by the inductive assumption we have
a § € R™ ! such that

gs()+ > Bigi(x) >0 forall zecC. (12)
JEJLUJN\{s}

where y; > 0 for all j € J, and y; > O for all j € J.. Adding a
sufficiently large multiple of (12) to (8) one have the desired
nonnegative multipliers. a

Remark: Note, that finally we proved slightly more than was
stated. We have proved that the multipliers of all the singular
constraints can be made strictly positive.
111 Srict complementarity in LO I
Goldman-Tucker Theorem
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Karush—Kuhn—Tucker theory

Langrangean, Saddle point

The Lagrange function:

m
L(z,y) == f(z) + > y;g;(x) (13)
=1

where x € C and y > 0. Note that for fixed y the

Lagrangean is convex in x; for fixed x. it is linear
in y.

Definition 3 A vector pair (Z,7) € R"tT™ 7z € C
and y > 0 is called a saddle point of the Lagrange
function L if

L(z,y) < L(z,y) < L(z,y) (14)
for all x € C and y > 0.
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A saddle point lemma

Lemma 3 The vector (z,3) € R"T™ z € C and
y > 0 is a saddle point of L(x,y) if and only if

|nf sup L(x,y) = L(z,y) = sup |nf L(x,y). (15)
2€C y>0 y=>0

Proof: The saddle point inequality (14) easily
follows from (15).

On the other hand, for any (Z,y) one has

mf L(x,9) < L(z,79) < sup L(z,y),
y>0

hence one can take the supremum of the left hand
side and the infimum of the right hand side result-
ing in

sup mf L(x,y) < |nf sup L(x,y). (16)
y>0 xzel xeC y>0

Using the saddle point inequality (14) one obtains

infsup L(z,y) < sup L(w y) < L(z,9) < inf L(z,9) < SuplnfL(x y).

z€C y>0 y>
(17)
Combining (17) and (16) the equality (15) follows.
O
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Karush-Kuhn-Tucker Theorem

Theorem 2 The problem (CO) is given. Assume
that the Slater regularity condition is satisfied. The
vector x is an optimal solution of (CO) if and only
if there is a vector y such that (x,y) is a saddle
point of the Lagrange function L.

Proof: Easy: if (z,y) is a saddle point of L(x,vy)
then z is optimal for (CO). The proof of this part
does not need any regularity condition. From the
saddle point inequality (14) one has

f(z) + Zngj(w) < f(z) + Zngj(x) < f(z) + Zngj(w)

=1 J=1
for all y > 0 and for aII x € C. From the first in-
equality g;(z) < 0 for all j =1,---,m follows, hence
x € F is feasible for (CO). Taking the two extreme
sides of the above inequality and substituting y = 0O
we have

F(@) < flx)+ ) yigi(x) < f(x)
J=1
for all x € F, i.e. x is optimal.
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KKT proof cntd.

To prove the other direction we need Slater reg-
ularity and the Convex Farkas Lemma 2. Let us
take an optimal solution x of the convex optimiza-
tion problem (CO). Then the inequality system

f(z) — f(z) <0

x eC
IS infeasible. Applying the Convex Farkas Lemma
2 one has y > 0 such that

fl@) = f@+ > yjgi(x) >0

J=1
for all x € C. Using that x is feasible one easily
derive the saddle point inequality

F@E+ S 19,3 < F@) < F@) + S §195()

which completes the proof. O
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KKT—Corollaries

Corollary 1 Under the assumptions of Theorem 2 the vector
x € C is an optimal solution of (CO) if and only if there exists
a y > 0 such that

@) f@ =min{f@+ B9} and

j 1

(i) Zﬂjg](iv) = max{z v;9;(Z)}.
j=1

Corollary 2 Under the assumptions of Theorem 2 the vector
x € F is an optimal solution of (CO) if and only if there exists
a y >0 such that

' r) = min Yiqi and
(i) f(=) :1:€|C {f(z) + 2:1 yigi(x)}
]:
(i) ) 7i9;(%) = 0.
j=1
Corollary 3 Let us assume that C = IR"™ and the functions
f,q91,---,9m are continuously differentiable functions. Under

the assumptions of Theorem 2 the vector x € F is an optimal
solution of (CO) if and only if there exists a y > 0 such that

(i) 0=Vf@ + > 7Vg(E) and
j=1

(i) ) 79;(Z) =0.

j=1
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KKT point

Definition 4 Let us assume that C = IR"™ and the
functions f, g1, -, gm are continuously differentiable
functions. The vector (z,7) € R**T™ js called a
Karush—Kuhn—Tucker (KKT) point of (CO) if

(i) g;(x) L0, forall jeJ,
(i) 0=V @)+ > y;Vy;@)

=1
(its) > y;9(Z) =0,
=1
(iv) y=>0.

Corollary 4 Let us assume that C = IR"™ and the
functions f, g1, - -, gm are continuously differentiable
convex functions and the assumptions of Theorem
2 hold. Let the vectorx € F be a KK'T point, then
x is an optimal solution of (CO).
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Duality in CO

Lagrange dual

Definition 5 Denote
Y(y) = inf{f(z) + ) y;g;(x)}.
zeC =1

T he problem

(LD) supvy(y)
y>0

is called the Lagrange Dual of problem (CO).

Lemma 4 The Lagrange Dual (LD) of (CO) is a
convex optimization problem, even if the functions
f,91,---,gm are not convex.

Proof: (y) is concave! Let y,5>0and 0 <A< 1.

vOF+ (1 =27 =inf{f(z) + > 7+ (1 - 1)5;)g;(2)}

=1

= infAlf(2) + ) Gig;(@)] + (1= V() + Y 5i9;(2)]}

j=1 j=1

> infAf () + ) 7ig;(@)]} +inf{(1 = VI (@) + ) Gig; ()]}
—1 =a]

= (@) + (1= (). ‘7
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Results on the Lagrange dual

Theorem 3 (Weak duality) If x is a feasible so-
lution of (CO) and y > 0 then

Yv(y) < f(Z)

and equality hold if and only if
nf{f@)+ 3 79;(@)} = £(@.
Proof:
W(@) = inf{f(@) + )_7ig;(2)} < F(@) + ) 7;9;(@) < f(@).
j=1 j=1

Equality holds iff inf,ec{f(2)+> L, ¥;9;(z)} = f(Z) and hence
gjgj(x) = 0 for all 5 € J. O

Corollary 5 If x is a feasible solution of (CO), y > 0 and
Ww(y) = f(x) then the vector x is an optimal solution of (CO)
and y is optimal for (LD). Further if the functions f, g1, - , gm
are continuously differentiable then (z,y) is a KKT-point.

Theorem 4 (Strong duality) Assume that (CO)
satisfies the Slater regularity condition. Let x be
a feasible solution of (CO). The vector x is an
optimal solution of (CO) if and only if there exists
a y > 0 such that y is an optimal solution of (LD)
and

() = f(z).
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Wolfe dual

Definition 6 Assume that C = IR"™ and the func-
tions f, g1, -, gm are continuously differentiable and
convex. T he problem

(WD) sup{f(@) + 3 ;9,()}

j=1

Vi) + ) y;jVgj(z) =0,
j=1

y=>0
is called the Wolfe Dual of the convex optimization
problem (CO).

Warning! Remember, we are only allowed to form
the Wolfe dual of a nonlinear optimization problem
if it is convex!
For nonconvex problems one has to work with the
LLagrange dual.
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Examples for dual problems

Linear optimization

(LO) min{clz | Az =1b, =>0}.

gi(z) = () low—b;ifj=1,--,m;
gi(z) = (= ™)z + b, ifj=m+1,---,2m;
gij(@) = —zj_op ifj=2m+1,---,2m +n.

Denote Lagrange multipliers by y_,y+ and s,
then the Wolfe dual (WD) of (LO) is:

max c’xz+ (y7)T(Ax —b) + (y )T (—Az +b) + sT(—=x)
c+ ATy~ — ATyT™ — s =0,
y~ >0, y* >0, s>0.

Substitute ¢ = —ATy= + ATyt + 5
and let y = y+ — 1y~ then

max bly
Aty 4+ s =,
s > 0.

Note that the KK'T conditions provide the well
known complementary slackness condition rls = 0.
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Quadratic optimization

(QO) min{clz + %azTQw | Az > b, x> 0}.

gj(@) = (—a) e +bjif j=1,--,m;
gi(z) = —zj_p ifj=m4+1,--- , m+n.
Lagrange multipliers: y and s.

The Wolfe dual (WD) of (QO) is:

max clz+ %CBTQCU + yL'(—Az +b) + st (—2)
c—l—Qaz—ATy—szO,
y=>0, s>0.

Substitute ¢ = —Qxz + ATy 4 s in the objective.

max bly — lacTQa:

—Q:U+A72y—|—s=c,
y >0, s>0.

Q = DI'D (e.g. Cholesky), let z = Dz.
The following (QD) dual problem is obtained:

max bl — %sz

—DTz—I—ATy—I-s = c,
y=>0, s>0.
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Constrained maximum

likelihood estimation

Finite set of sample points z;, (1 <17<n).

Find the most probable density values that satisfy some linear
(e.g. convexity) constraints.

Maximize the Likelihood function N’_,x; under the conditions

Az >0, dfa=1, =z >0.

The objective can equivalently replaced by

n
min —E In x;.
i=1

Lagrange multipliers: y € IR™, t € IR and s € IR".
The Wolfe dual (WD) is:

max — > Inz;+y" (—Az) + t(d"z — 1) + 5" (—z)
=1
—Xte—ATy+td—s =0,
y=>0, s>0.

Multiplying the first constraint by z! one has
—xl X e — xTATy 4+ txtd — 2's = 0.

Using dfz = 1, zTX1le = n and the optimality conditions
y'Az = 0, s = 0 we have

t = n.

x IS necessarily strictly positive,

hence the dual variable s must be zero at optimum.
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Constrained maximum

likelihood estimation: 2

max — Z In x;

Eliminating the variables x; > O:

1 T :
nd—aTy and —Inz; = In(nd; —a; y) V 1.

Ly —

n
max > In(nd; — a;-ry)
=1
Aly < nd,
y > 0.
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Example: positive duality gap

Duffin’'s convex optimization problem

(CO) min e *2

s.t. \/x%—l—x%—wl <0
r € R?.

The feasible region is F = {z € IR?| 21 > 0,25 = 0}.
(CO) is not Slater regular. The optimal value of
the object function is 1.

The Lagrange function is given by

L(z,y) = e "2 + y(y/22 + 23 — 21).

Now, let ¢ = \/CB% + :13% —x1, then

a:%—Qe:cl — 2 =0.

Hence, for any ¢ > 0 we can find x1 > 0 such
that ¢ = \/x% + 23 — x1 even if zo goes to infinity.
However, when x> goes to infinity e~ *2 goes to O.
So,

@) = inf e 24y (Vaf +a3-a1) =0,

z€lR
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thus the optimal value of the Lagrange dual

(LD) max y(y)
s.t. y>0

iISs 0. Nonzero duality gap that equals to 1!




Example: infinite duality gap

Duffin’s example slightly modified

min  —x»o
S.t. \/x%—l—x%—azl < 0.
The feasible region is
F = {z € R?| 1 > 0,20 = 0}. The problem is not
Slater regular.
The optimal value of the object function is O.

The Lagrange function is given by

L(z,y) = —22 + y(\/22 + 23 — 21).

vy = int {oaaty (Vod+a3-a) | = oo,

xre

So,

thus the optimal value of the Lagrange dual

(LD) max (y)
s.t. y>0

is —oo, because ¥ (y) is minus infinity!
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Semidefinite optimization

Let Ag, A1, -, Ap €e R™X™ Jet ¢ € IR?, z € IR™.
The primal SDO problem is defined as

(PSO) min clz (18)
st. —Ao+ > A =0,
k=1
F(z) = —Ao+ > ,—1 Az
The dual SDO problem is.
(DSP) max Tr(AgZ) (19)
s.t. Tr(AyZ) =¢,, forall k=1,---,n,

Z = 0,

Theorem 5 (Weak duality) If x € IR™ is primal fea-
sible and Z € IR™*™ s dual feasible, then

'z > Tr(Ag2)
with equality if and only if

F(x)Z = 0.

Proof:

e —Tr(AgZ) =P Tr(ApZ)zy, — Tr(ApZ)

= Tr((Xh=1 AxTr — A0)Z)
— Tr(F(2)2) > 0.
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SDO Dual as Lagrange Dual

(PSO") min ¢z (20)
st. —F(x)4+S=0
S = 0,

The Lagrange function L(x, S, Z) is defined on
{(z,8,Z)|z€eR", SeR™™ S >0, ZcR™™ }

L(z,8,2) =cle — el (F(z) o 2)e+ el (S o Z)e,
XoZ is the Minkowski product, el (SoZ)e = Tr(SZ2).

L(2,5,2) =cla — zn: zp Tr(AZ) + Tr(AgZ) 4+ Tr(SZ). (21)
k=1

(DSDL) max {¢(Z) | Z € R™™} (22)
Y(Z) = min{ L(z,8,2) |z € R", S ¢ R™™ S >0}. (23)
Optimality conditions to get ¥ (Z2):

0 if Z >0,

—o0o otherwise. (24)

mbjn Tr(SZ) = {
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SDO dual cntd.

If we minimize (23) in x, we need to equate the
x—gradient of L(x,S,Z) to zero:

CL — Tr(AkZ) =0 forall k=1,---,n. (25)
Multiplying (25) by x; and summing up

n
e — >z Tr(AgZ) = 0.
k=1

By combining the last formula and the results pre-
sented in (24) and in (25) the simplified form of
the Lagrange dual (22), the Lagrange—Wolfe dual

(DSO) max Tr(ApZ)
s.t. Tr(ApZ) =¢,, forall k=1,--- n,
Z =0,

follows. It is identical to (19).
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Duality In cone-linear

optimization

min ¢!z
Ar—b € (Cq (26)
x € Co.

Definition 7 Let C C IR™ be a convex cone. The
dual cone (polar, positive polar) C* is defined by

C*:={zecR"|2'2>0 forall zcc}.

T he Dual of a Cone-linear Problem

min c¢lx
s—Axz+b = O
s € Cy x € Co.

Linear equality constraints s— Az +b =0 and (s, x)
must be in the convex cone

C1 xCr :={(s,x)|s€C1, zE€Cr}.
The Lagrange function L(s,z,vy) is defined on

{(s,z,y)|s€C1, €l ycR"}
and is given by

L(s,z,y) =clz+y (s — Az +b) = by + sTy + 27 (c — ATy).
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Thee Lagrange dual of

the cone-linear problem

where

Y(y) = min{ L(s,z,y)|s € C1, v € Ca}.

The vector s is in the cone Cq, hence

i *
mmsTy:{o if y e C,

seCq —oo Otherwise.

min z!(c — Aly) =

0 if c— Al'y € C3,
xeCo

—oo Otherwise.

By combining these: we have

b(y) = { vy ifye Ci and c— ATy € c3,
—oo  Otherwise.
Thus the dual of (26) is:
max bTy
c—Aly € C5
y € (7.
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