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Abstract

During the last twenty years the Bayesian approach to statistical in-
ference has been increasing in popularity due to its success in solving
practical problems, often by the Monte Carlo method–although not every-
one is (or should be) persuaded by the use of subjective priors on arbitrary
parameterizations. The problem with Bayesianism are the priors. There is
still no general theory for choosing the prior. The purpose of this paper is
to provide such a theory. This is made possible by a new geometrization
of the concept of ignorance. At the same time this forces a re-evaluation
of the meaning of data, of prior, and indeed the meaning of meaning itself.
It turns out to be surprisingly simple: Probability is meaning.

1 Introduction: Probability is Objective
Meaning
The statement “There is no data in the vacuum” is not a metaphysical
puzzle; it is a strict geometric truth. A label x (a number, a pixel, a
coordinate) in isolation is devoid of meaning. It only acquires meaning when
it is mapped to a probability distribution p that generated it. Therefore,
Probability is Meaning.

This assertion requires a direct confrontation with physical ontology.
Proponents of the Everettian Many-Worlds interpretation argue that
probability is an illusion—a mere subjective artifact of self-location within
a deterministic, branching multiverse of physical hardware. Conversely,
strict Subjective Bayesians argue that probability does not exist at all
outside the personal, betting preferences of a conscious agent.

The Geometric Theory of Ignorance rejects both the physical extrava-
gance of Many-Worlds and the arbitrary solipsism of Subjectivism. We
propose an objective “0-Worlds” ontology, rooted firmly in the Information
Geometry of E.T. Jaynes [Ro3] and the Entropic Dynamics of Ariel Caticha
[Cat12].

In the 0-Worlds paradigm, there is no underlying, hidden physical “stuff”
that branches, nor are probabilities mere personal feelings. The probability
distribution is the objective, invariant geometric relation between the data
and the hypothesis space. If the laws of physics—including continuous
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spacetime and particle mass—can be derived as the macroscopic limits of
an optimal statistical inference engine resolving topological loops, then
the universe requires no fundamental physical hardware. There are zero
physical worlds. There is only the invariant geometry of information
processing. A label without a probability is ontologically void; it is the
objective, geometric assignment of probability that breathes meaning—and
therefore, physical reality—into existence.

2 Why Entropy?
A surprisingly simple, asymptotic combinatorial argument, already shows
the naturalness of the priors to come. Consider a large number n of draws,
with replacement from a box of k types of tickets labeled 1, 2, . . . , k. Let us
further assume that the dis- tribution of the different types of tickets in the
box is q = (q1, q2, . . . , qk), i.e., for j = 1, 2, . . . , k there is a proportion qj of
tickets with the label j in the box, with 0 < qj < 1 and q1+q2+· · ·+qk = 1.
If the tickets in the box have the same chance of being chosen, then the
probability of observing a distribution p = (p1, p2, . . . , pk) in the sample
of n is given by,

Wn = 1
Zn

e−nI(p/q)
√
p1p2 · · · pk

(1 + o(1))

as n → ∞ Where Zn = (2πn)(k−1)/2 and, I(p : q) denotes the standard
Kullback number between the normalized distributions p and q. i.e.,

I(p : q) =
k∑

j=1

pj log pj

qj

The proof is a simple exercise in the use of the addition and multipli-
cation rules of probability, together with Stirling’s approximation:

logn! = (n+ 1/2) logn− n+ log
√

2π + o(1)
Let xj = npj be the observed number of tickets of type j in the sample

of n. Without loss of generality we can assume the xj to be integers.
Otherwise, either replace by nearest integer or just consider p so that npj

are integers. Thus,

Wn = P (p|q, n) = P (x1, . . . , xk|q, n) = n!
x1!x2! · · ·xk!q

x1
1 · · · qxk

k

is the standard multinomial probabilities. By the strong law of large
numbers, the assumption that all the qj > 0, implies that all the xj will
be arbitrarily large (with probability 1) as n approaches infinity. Thus, we
are justified to use Stirling’s approximation not just for n but for all the
xj as well. Thus, after a little simplification we get,
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logP (p|q, n) = −n

[
k∑

j=1

pj log pj

qj
− k − 1

2
logn
n

− k
log

√
2π

n

]

− 1
2

k∑
j=1

log pj + o(1).

collecting the terms of order o(1) (which do not contain p nor q) inside
the square brackets we obtain,

logP (p|q, n) = −nI(p : q) − log √
p1p2 · · · pk − (k − 1) log

√
2πn+ o(1)

hence, exponentiating both sides and noticing that eo(1) = 1 + o(1) we
obtain the result.

It is therefore only natural to define a family of prior distributions on
the simplex of discrete distributions on k labels by:

P (p ∈ A|q, α) =
∫

A

1
Zα

exp(−αI(p : q))dV (p)

where A is a measurable subset of the k-simplex and dV (p) is the
informa- tion volume element on the simplex i.e., proportional to the
square root of the determinant of Fisher information, which for discrete
distributions is dp/√p1p2 · · · pk Moreover, α > 0 represents the number of
virtual (not necessarily integer) draws.

The noninformative priors in this paper provide a rigorous justifica-
tion of the above as maximizers of an invariant notion of ignorance and
generalize this simple result for, all meaningful measures of separation be-
tween unnormalized probability distributions and not just for the manifold
of discrete distributions but for all smooth finite dimensional statistical
models.

3 The Category of DataTheory (DataTh)
To make the extraction of meaning rigorous, we formalize the Data Theory
space as a Category. By identifying the unique invariants of this category,
we prevent the injection of arbitrary, subjective assumptions.

Let DataTh be the category where:
• Objects are statistical data-objects (x, p) ∈ S, where x is the observ-

able label in a data space X, and p is the unobservable probability
distribution that generated x.

• Morphisms are sufficient transformations f : S → S′ mapping
(x, p) → (x′, p′). A transformation is defined as sufficient if and only
if it can be stochastically inverted: from (x′, p′) we can produce a
new object (x′′, p) where x′′ is drawn from the exact same underlying
unobservable distribution p as the original x.
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Let Geom be the category of Riemannian manifolds. The Amari-
Chentsov theorem establishes that the Fisher information metric—and the
one-parameter family of α-connections (corresponding to our δ-geometry)—
are the unique invariant geometric structures under sufficient statistics.
Categorically, this means there exists a unique, covariant Functor F :
DataTh → Geom that maps probability spaces to Riemannian manifolds
equipped with δ-connections, such that stochastically invertible trans-
formations in the data space strictly map to geometric isometries and
connection-preserving maps in the parameter space.

Consequently, any objective method for extracting meaning (infer-
ence) must be equivariant under this Functor. The “Maximum Honesty”
δ-projection defined below satisfies this categorical imperative: doing infer-
ence on the raw data, and doing inference on the sufficient statistic, yield
the exact same geometric posterior.

Data (x, p) Data (x′, p′)

Posterior η̂X Posterior η̂Y

Sufficient f

Stochastic Inversion

Max Honesty (δ, ν) Max Honesty (δ, ν)

Isometry

Figure 1: The Functorial Nature of Maximum Honesty. The δ-inference projection
commutes with stochastically invertible transformations, ensuring the posterior
is a strict categorical invariant rather than a subjective choice.

4 The Statistical No-Cloning Theorem
A profound consequence emerges from the formalization of the DataTh
category. In quantum mechanics, the Wootters-Zurek No-Cloning Theorem
(1982) dictates that an unknown quantum state cannot be perfectly dupli-
cated, owing to the linearity of unitary evolution. Because our framework
posits that “Probability is Meaning,” and embeds distributions geometri-
cally, an exact structural analogue must exist in DataTheory.

To “clone” an unknown data-object (x, p) means applying a purely
observational process—a stochastic transformation or Markov kernel
K(x1, x2|x) independent of p—to produce two new labels x1 and x2 such
that both are independently distributed according to the original, unknown
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p. That is, the required joint distribution must be the tensor product:
P (x1, x2) = p(x1)p(x2).

Theorem 1 (No-Cloning of Unknown Probabilities)
There exists no Markov kernel K(x1, x2|x) independent of p that can

perfectly clone an unknown data-object (x, p) into two independent data-
objects (x1, p) and (x2, p) for all p ∈ P, provided P contains at least two
distinct distributions and their convex combinations.

Proof. A generic stochastic transformation K acts as a linear operator
on the space of distributions:

K[p] =
∫
K(x1, x2|x)p(x)dx (1)

For K to be a universal cloner, it must map any unknown input distribution
p to the joint independent distribution p ⊗ p. Let p, q ∈ P be distinct
distributions. Due to the linearity of the Markov kernel, applying the
cloner to a statistical mixture λp+ (1 − λ)q (where λ ∈ (0, 1)) yields:

K[λp+ (1 − λ)q] = λK[p] + (1 − λ)K[q] = λ(p⊗ p) + (1 − λ)(q ⊗ q) (2)

However, the required target state for perfect cloning of this mixed distri-
bution is the strictly non-linear tensor product:

(λp+ (1 − λ)q) ⊗ (λp+ (1 − λ)q)
= λ2(p⊗ p) + (1 − λ)2(q ⊗ q)

+ λ(1 − λ)(p⊗ q + q ⊗ p)
(3)

Equations (2) and (3) are only equal if p = q or if the system is completely
known (λ ∈ {0, 1}).

The classical intuition that one can simply “copy” the observed label
by setting x1 = x and x2 = x (using a kernel composed of Dirac deltas
δx(x1)δx(x2)) does not clone the meaning. It produces a joint distribution
P (x1, x2) = p(x1)δx1 (x2), which represents absolute classical correlation
(entanglement of the labels), not independent samples of the distribution.

You cannot clone meaning without destroying it or introducing cor-
related noise. The impossibility of perfectly amplifying an unknown
statistical sample is the exact geometric dual of the quantum restriction,
further reinforcing the 0-Worlds ontology: the limits of physical reality are
the limits of information processing.

5 Fisher Information
Spaces of probability distributions are clearly not closed under addition
and multiplication by scalar. They are not vector spaces. Nevertheless,
there are canonical embeddings of probability distributions on Banach
spaces that respect the DataTh Category.

For 0 < δ < 1 the Banach space L1/δ of δ powers of measures contains
the δ coordinates lδ(p) of a probability distribution p with, lδ(p) = pδ/δ.
The Banach space associated to 1 − δ is the topological dual of the space
associated to δ.

5



The only Hilbert space is the self-dual L2 associated to δ = 0.5. Fisher
information is just the metric induced on the model as it is embedded
into L2 In other words: label the probabilities p in your model with the
vector 2√

p in the Hilbert space L2 of square integrable functions. The
Information metric at p is the matrix g(p) = (gij(p)) with components,

gij(p) =
∫
∂i(2

√
p)∂j(2√

p)dx =
∫

(∂i log p)(∂j log p)p dx

where ∂i is the partial derivative w.r.t. the i-th coordinate vector, and
the integrals are over the space of x. Parametric statistical models with
smooth parametrizations are Riemannian manifolds with the information
metric g(p).

6 δ-separation, Entropy, and Duality
Let l0(p) = log(p). For 0 ≤ δ ≤ 1 define the δ-separation between (possi-
bly unnormalized) distinct distributions p and q by the positive number
Iδ(p : q) = I1−δ(q : p) given for 0 < δ < 1 by:

Iδ(p : q) = 1
δ(1 − δ)

∫
[δp+ (1 − δ)q − pδq1−δ]dx

and by the corresponding limit when δ ∈ {0, 1}. Thus,

I0(p : q) =
∫ (

q − p+ p log p
q

)
dx = I1(q : p).

The entries gij(p) of the information matrix at p are also given by the
duality product between the coordinates lδ(p) ∈ L1/δ and the dual coor-
dinates l1−δ(p) ∈ L1/(1−δ) as,

gij(p) =
∫

(∂ilδ(p))(∂j l1−δ(p))dx

The Iδ(p : q) numbers are invariants of the DataTh-category i.e., they
are invariant under sufficient transformations. In fact, following the Amari-
Chentsov characterization, the δ-separations (and their corresponding
Amari α-connections) are the only known measures of information sepa-
ration that preserve sufficiency—whether they are the absolutely unique
invariant divergences for all general statistical models remains a profound
open conjecture in information geometry.

7 Categorically Sound Objectives
Having observed data arbitrarily labeled y1, y2, . . . , yn in a background
of prior information how should we proceed extracting meaning to best
predict unobserved yn+1? What should we optimize? What should the
target be?

In our current deep learning frenzy, Ed Jaynes’s words resonate with
renewed power: Maximize Ignorance subject to whatever is assumed to be
known! This is just Maximum Honesty. An ethical principle.
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7.1 The Actions of Ignorance
The risk functionals A = A(t, η) defined for a Data Theory space in
the DataTh-category, rank the pairs (t, η) according to their informa-
tion, i.e., separation from ignorance. Here t = t(y) is a (not necessarily
normalized) distribution on the space of data labels y and η = η(p) is a
(not necessarily normalized) distribution on the hypothesis space M of
possible theories p.

We interpret t as the (unknown) true distribution for the data and η
as the (unknown) prior distribution on M . Let π0 = π0(p) be a given fix
prior distribution on the hypothesis space M of possible theories p.

This π0 will be taken as a diffuse pre-prior on M . When the information
volume vol(M) is finite, we take π0(p) = 1 as the uniform distribution
on M . We always write distributions on the Riemannian manifold M as
scalar density fields relative to the invariant Riemannian volume form dp
on M .

Denote by tη = P (y, p) = t(y)η(p). i.e. y and p are chosen indepen-
dently. First pick p ∈ M according to the distribution η, then indepen-
dently choose label y in the data space according to the (true) distribution
t.

Consider now any other distribution on (y, p), P (y, p) = p(y)η(p) = pη.
Then, Iδ(pη : tη) measures the δ-separation between the joint distribu-
tions pη and tη and I1−ν(η : π0) measures the separation between the
priors η and π0.

For β > 0 define the positive scalar action,

A(t, η) = βνIδ(pη : tη) + I1−ν(η : π0) (4)
The (unnormalized) pair (t, η) that minimizes the action A is,

η(p) = [1 + βνIδ(p : t)]−1/νπ0(p) (5)

tδ(y) =
∫
pδ(y)η(p)dp∫
η(p)dp

(6)

The action (4) does not contain derivatives and its optimization is a
sim- ple problem in the calculus of variations. Just take derivatives equal
to zero as if the functions were real variables. The expressions (5) and (6)
pack a considerable amount of information in a short space.

Think of (5) as defining a kernel k(p, t) on the dual Banach spaces
associated to δ and 1 − δ. It is a measure of separation between the
probability distributions p and t on the data labels. The kernel (5) is
literally the prior distribution of maximum ignorance.

The expression (6) provides the δ coordinates of t as the average of the
δ coordinates of p or equivalently as the mean ker- nel. This is remarkably
similar to the Reproducing Kernel Hilbert Space (RKHS) embeddings
of probability distributions but in Banach spaces in- stead. The big
difference with the RKHS approach is that here the kernel is fixed by the
theory as the most ignorant prior given the choice of S. Besides, all the
expressions are invariant under sufficient transformations preserving the
DataTh-Category.
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Notice that t(y) is given by (6) as the length of a function measured in
the Reproducing Kernel Banach Space associated to δ with kernel (5).

7.2 Maximum Likelihood and Maximum Honesty
The new way to statistical inference provided by Maximum Honesty is very
simple. If data labels y1, y2, . . . , yn are observed, just plugin the empirical
distribution t̂n instead of t in (5) and predict with (6).

Notice that the Maximum Likelihood Estimator (MLE) p̂ ∈ M is the
δ = 1 projection of the empirical onto M .

p̂ = arg min
p∈M

I1(p : t̂n) ≡ arg min
p∈M

∫ [
p− t̂n + t̂n log t̂n

p

]
dy

= arg max
p∈M

[
n∑

i=1

log p(yi) −
∫
p(y)dy

]
where we have used the (unnormalized) empirical, t̂n(y) =

∑n

i=1 δ(y −
yi) and the fact that I1(p : t̂n) = I0(t̂n : p).

8 Direct Posteriors and Statistical Learn-
ing Theory
When the unknown true distribution t is replaced by the unnormalized
empirical t̂n in (5) we get,

η̂(p) = [1 + βνIδ(p : t̂n)]−1/νπ0(p) (7)

t̂δ(y) =
∫
pδ(y)η̂(p)dp (8)

we call η̂(p) the (unnormalized) direct posterior with parameters β, ν,
and δ. We call (8) the δ-coordinates of the δ-predictive distribution.

The special case when δ = 1, ν → 0 and β = 1 is singled out as
particularly important. By taking the limit when ν → 0 in (7) with δ = 1
and β = 1, we get,

η̂(p) = exp(−nI0(t̂n : p))π0(p) (9)
If
∫
pdy = 1, i.e. for normalized probability distributions, (9) gives the

unnormalized direct posterior:

η̂(p) = p(y1)p(y2) · · · p(yn)π0(p) (10)
that we recognize as the unnormalized posterior distribution when the

likelihood is
∏n

i=1 p(yi) and the prior is π0(p).
Moreover, with (10) and δ = 1 replaced in (8) we get,

t̂(y) =
∫
p(y)

(
n∏

i=1

p(yi)

)
π0(p)dp (11)
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that we recognize as the standard Bayesian unnormalized predictive
distri- bution. In other words with this special choice of parameters the
inference is as if we had used Bayes Theorem but we did not! Bayesian
Inference was produced automagically as a special case of maximum
ignorance. Maximum honesty is more general than Bayesian Inference.

8.1 Categorical Derivation of SafeBayes and PAC-
Bayes
The Direct Posterior (Equation 7) generated by maximizing categorical
honesty yields a fractional power of the likelihood, governed by the param-
eter δ ≤ 1. In the modern statistical learning literature, this is known as a
generalized Gibbs posterior, and its necessity has been heavily empirically
documented.

Grünwald and van Ommen (2017) [Gru17] demonstrated through the
SafeBayes framework that standard Bayesian inference (δ = 1) is funda-
mentally inconsistent under model misspecification, requiring a “learning
rate” η < 1 to temper the likelihood and restore convergence. Our param-
eter δ is exactly this learning rate. Furthermore, the Action of Ignorance
(Equation 4) is structurally identical to the PAC-Bayesian minimization
bounds pioneered by Catoni (2007) [Cat07] and McAllester, which balance
empirical risk against the Kullback-Leibler divergence from the prior.

However, there is a profound philosophical and mathematical distinc-
tion. While SafeBayes and PAC-Bayes justify these fractional posteriors
via algorithmic robustness, prequential coding, and empirical risk bounds,
the Geometric Theory of Ignorance derives them from first principles. The
δ-posteriors are the unique, invariant minimizers of the DataTh category.
They are not ad-hoc engineering fixes for misspecified models; they are the
fundamental, geometrically required solutions for processing information
in Banach spaces of unnormalized distributions.

9 Information Metric of Logistic Regres-
sion
The Fisher information matrix is given at p = Pw,x by,

g(w) = Ew{(∇ log p(y|x,w))T (∇ log p(y|x,w))}
where Ew denotes expectation w.r.t. Pw,x and ∇ is the gradient w.r.t.

w. Let’s denote by l = l(w) = log p(y|x,w). Then,

l(w) =
n∑

i=1

{yi log θi + (1 − yi) log(1 − θi)}

therefore,

∇l(w) =
∑

i

{
yi

θi
− 1 − yi

1 − θi

}
∇θi

and,
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∇θi = θi(1 − θi)xi = xi

2(1 + cosh(xiw))
substituting the above into the expression for ∇l(w), we obtain ∇l(w) =∑

i
(yi − θi)xi. Hence,

(∇l)T (∇l) =
∑
i,j

(yi − θi)(yj − θj)xT
i xj

therefore, taking expectations with the probability distribution Px,w

and recalling that the yi are independent for different values of i we get,

g(w) =
∑
i,j

cov(yi, yj)xT
i xj =

∑
i

θi(1 − θi)xT
i xi

thus, we finally obtain two useful expressions for the information metric,

g(w) = 1
2

n∑
i=1

xT
i xi

1 + cosh(xiw) (12)

which in matrix form is,

g(w) = 1
2x

T diag

(
1

1 + cosh(xw)

)
x (13)

9.1 The Information Volume of Logistic Regres-
sion
The hypothesis space M generated by the logistic regression model is
a Riemannian manifold of dimension k with metric tensor given by the
information matrix at each w by the expression (13). The volume form
on a Riemannian manifold with metric g(w) is given in the w = (wj)
coordinates by,

dp = dV (w) =
√

det g(w)dw1 ∧ dw2 · · · ∧ dwk

with total (k-dim) volume given by integrating the volume element
over M :

vol(M) =
∫

M

dV =
∫

Rk

√
det g(w)dw.

When x is of full rank so that detxTx > 0, we have vol(M) < ∞.
When k = n, i.e. when x is a square k by k matrix, the computation of
the determinant is trivial using expression (13). Thus,

det g(w) = 2−k det(xTx)
k∏

j=1

1
1 + cosh(xjw)

vol(M) = 2−k/2| detx|
∫

dw√∏k

j=1(1 + cosh(xjw))
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= 2−k/2
∫

du√∏k

j=1(1 + cosh(uj))

= 2−k/2

(∫ ∞

−∞

dz√
1 + cosh(z)

)k

= 2−k/2(
√

2π)k = πk

where we performed the linear change of variables u = xw.

Theorem 2 When x is a square of full rank the information volume of
the logistic regression model is independent of x and has value πk where k
is the dimension of the manifold.

9.2 Curvature in the Exactly Parameterized Case
Recall that the components Γijk of the Levi-Civita metric connection are,

2Γijk = ∂igjk + ∂jgki − ∂kgij .

With the help of SageMath symbolic computation for the exactly
parameterized case (n = k = 2):

def g_logistic_metric(k,n):
assert n >= k, "n=%d must be at least k=%d" % (n,k)
for j in range(k): var(’w%d’%j)
w = [var(’w%d’%j) for j in range(k)]
x = matrix(SR,n,k)
for i in range(n):

for j in range(k):
x[i,j] = var(’x%d%d’%(i,j))

# ... (Metric construction omitted for brevity) ...
return g

g = g_logistic_metric(2,2)
Sim(g.R)

It simplifies to zero!
The vanishing scalar curvature in the square case has a global geo-

metric explanation. Section 10 establishes flatness for every invertible
square design and gives explicit curvature formulas for all full-column-rank
rectangular designs (n > k). Thus curvature in the regime with more
observations than parameters is resolved without requiring a boundary
extension.

10 Curvature of Logistic Regression in
Arbitrary Dimension
The exactly parameterized calculation in Section 9.2 admits a global
geometric explanation. More generally, the scalar curvature of a fixed-
design logistic model is a difference of squared sizes of a cubic tensor and
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its trace, with equivalent finite-sum and Clifford formulas. We first state
the results and then prove them in Appendix A.

Setting and conventions. Let X ∈ Rn×k have full column rank, and
write its ith row as xT

i , with xi ∈ Rk. Conditional on the fixed design, the
observations are independent and

Yi ∼ Bernoulli(pi(w)), pi(w) = σ(xT
i w),

σ(u) = 1
1 + e−u

, w ∈ Rk.
(14)

Define

qi = pi(1 − pi), si = 1 − 2pi, ti = qisi, D = diag(q1, . . . , qn).
(15)

The metric is the total Fisher information of the n observations:

g(w) = XTDX =
n∑

i=1

qixix
T
i . (16)

It is positive definite for every finite w. We use the curvature convention

R(U, V )W = ∇U ∇V W − ∇V ∇UW − ∇[U,V ]W,

K(U, V ) = g(R(U, V )V,U)
g(U,U)g(V, V ) − g(U, V )2 ,

(17)

so that spheres have positive sectional and scalar curvature. The symbol
R denotes scalar curvature, whereas R denotes the curvature operator.
Indices on gab indicate the entries of g−1.

10.1 Summary of the results
Result 1: global flatness of the square-design model. If n = k
and X is invertible, the coordinates

zi = 2 arcsin
√
pi(w) = 2 arctan exp

(
xT

i w

2

)
(18)

define a global isometry

(Rk, g) −→ ((0, π)k, I), ds2 =
k∑

i=1

dz2
i . (19)

Consequently, the entire Riemann tensor vanishes, not merely its scalar
contraction:

R = 0, Ric = 0, R = 0, vol(M) = πk. (20)

This establishes the result in every dimension and recovers the volume
formula of Section 9.1. The cube is open; this is not a claim of geodesic
completeness or a smooth extension in the original w coordinates to
probabilities 0 and 1.
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Result 2: a closed formula for arbitrary full-rank designs.
Let C = ∇affg be the symmetric cubic tensor, where ∇aff is the flat
connection of the natural w coordinates (not the Levi–Civita connection).
Define its metric trace by

Cabc = ∂agbc =
∑

i

tixiaxibxic, τa = gbcCabc. (21)

Then the compact curvature formula is

4R = ∥C∥2
g − ∥ trg C∥2

g = ∥C∥2
g − ∥τ∥2

g. (22)

The norms contract every covariant index with g−1. Thus the “size of
a trace” means the squared metric norm of the trace covector: scalar
curvature compares that size with the squared size of the full cubic tensor.
It is not the squared size of the trace alone. In the natural affine coordinates
the trace also has the useful form

τ = d log det g, τa = ∂a log det g. (23)

This expression refers to the determinant in those coordinates; the cubic
and its metric trace give the intrinsic formulation relative to ∇aff .

The trace-free cubic isolates the two contributions more sharply:

(C0)abc = Cabc − τagbc + τbgac + τcgab

k + 2 , gbc(C0)abc = 0. (24)

Its orthogonal decomposition gives

4R = ∥C0∥2
g − k − 1

k + 2∥τ∥2
g. (25)

For k = 2 the coefficient is 1/4. Positive and negative curvature therefore
reflect the balance between the trace-free cubic and its trace.

For direct computation, put

H = Xg−1XT, hij = xT
i g

−1xj . (26)
Then

R(w) = 1
4

n∑
i,j=1

titj
(
h 3

ij − hiihjjhij

)
. (27)

Equivalently,

R(w) = −1
2

∑
1≤i<j≤n

titjhij

(
hiihjj − h2

ij

)
. (28)

Thus the curvature is determined by the fitted probabilities, the design,
and the inverse of a k × k matrix. No numerical differentiation is needed.
In particular, the curvature of the general rectangular-design model is not
left as an open question.
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Result 3: geometric-algebra form. At a fixed w, introduce the
Fisher-whitened vectors

vi = g−1/2xi ∈ Rk, Bij = vi ∧ vj , (29)

and use the Euclidean Clifford algebra Cl(k, 0) with uv = u · v + u ∧ v.
Then

R(w) = −1
2
∑
i<j

titj(vi · vj) ∥vi ∧ vj∥2 (30)

= 1
2
∑
i<j

titj⟨vivj⟩0 (vi ∧ vj)2 (31)

= 1
2
∑
i<j

titj⟨vivj⟩0
(
⟨vivj⟩2

)2
. (32)

Here ⟨·⟩r denotes grade-r projection. The positive sign in (31) is essential:
a Euclidean simple bivector satisfies B2 = −∥B∥2.

The result is a signed sum of squared parallelogram areas, weighted
by inner products and logistic third-derivative coefficients. Parallel pairs
contribute zero through their wedge, and orthogonal pairs contribute
zero through their dot product. Intrinsically, one may instead work with
the covectors ξi = d(xT

i w) in Cl(T ∗
wM, g−1) and replace every vi by ξi.

Whitening is a pointwise representation; it is not asserted to give a constant
frame or a coordinate change on the whole manifold.

There is also a single signed Clifford-square representation of (22). In
whitened coordinates write

Ĉ =
∑

i

tiv
⊗3
i , τ̂ = tr Ĉ =

∑
i

ti∥vi∥2vi. (33)

Take three mutually orthogonal copies V1, V2, V3 of Rk in Cl(3k, 0), and
let v(r)

i denote the copy in Vr. Define

C =
∑

i

ti v
(1)
i ∧ v

(2)
i ∧ v

(3)
i , A = 1

2 (C + τ̂ (1)). (34)

Then
R = −⟨A2⟩0. (35)

This is a signed scalar square, not the nonnegative magnitude ⟨AÃ⟩0. The
orthogonal copies preserve the cubic information: in the original algebra∑

i
tiv

3
i = τ̂ , which retains only the trace. The two signed examples below

exclude a universally nonnegative squared-magnitude formula for R.

Result 4: projector form. The matrix

P = D1/2Xg−1XTD1/2 (36)

is the Euclidean orthogonal projector onto col(D1/2X). With

ai = 1 − 2pi√
qi

= −2 sinh
(
xT

i w

2

)
, (37)
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the scalar curvature is also

R(w) = 1
4

n∑
i,j=1

aiaj

(
P 3

ij − PiiPjjPij

)
. (38)

The cubes in this expression are entrywise scalar powers, not matrix
powers.

Consequences and limitations. For k = 1, R vanishes identically.
For every full-rank design in (14), the entire Riemann tensor vanishes at
w = 0, where all pi = 1/2. This pointwise statement does not imply global
flatness. When n > k, neither flatness nor a fixed sign of scalar curvature
holds in general. For example,

X− =

(1 −1
1 0
1 1

)
, w− =

(
0

log 3

)
=⇒ R(w−) = − 2

25 , (39)

whereas

X+ =

(1 0
2 1
2 −1

)
, w+ =

(
log 2

0

)
=⇒ R(w+) = 225

4394 . (40)

These are two-dimensional models, so their Gaussian curvature is R/2.
If the metric is normalized to g/n, its scalar curvature is nR. A rank-
deficient design must first be reduced to identifiable coordinates; the
displayed inverse-metric formulas are not formulas for a degenerate metric.
Throughout, covariates are fixed and no parameter-dependent covariate
distribution is included.

Attribution. This addition was developed in discussion with dot, an
OpenAI-powered AI assistant, on 18–19 October 2026. dot supplied the
coordinate proof of square-design flatness, the explicit scalar-curvature
formula, the cubic/trace size decomposition and signed Clifford-square
reformulation, and the accompanying algebraic and computational checks.
These contributions are acknowledged as AI-assisted derivation and ex-
position; no claim of historical priority for the underlying Hessian-metric
identities is made.

A Proofs of the Logistic-Regression Cur-
vature Results
A.1 The Bernoulli arc-length embedding and the
square case
Write ui = xT

i w. Since

dpi = qi dui, d
(
2 arcsin √

pi

)
= dpi√

pi(1 − pi)
= √

qi dui, (41)
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we have, for arbitrary n ≥ k,
n∑

i=1

dz2
i =

n∑
i=1

qi(xT
i dw)2 = dwTg dw. (42)

The map w 7→ z is a smooth embedding into (0, π)n: X has full column
rank, and each scalar coordinate transformation is a smooth increasing
diffeomorphism from R to (0, π). For n > k this is an induced metric on
a constrained submanifold; a flat ambient space does not imply that the
submanifold is flat.

If n = k, u = Xw ranges freely over Rk, and the inverse map is

w = X−1u, ui = 2 log tan(zi/2). (43)

Thus (42) is a global Euclidean coordinate representation. All Levi–Civita
Christoffel symbols vanish in z coordinates, hence so do the Riemann and
Ricci tensors and the scalar curvature. The Riemannian volume is

vol(M) =
∫

(0,π)k

dz1 · · · dzk = πk. (44)

This proves Result 1.

A.2 Curvature of a Hessian metric
Let

ψ(w) =
n∑

i=1

log(1 + exT
i w), gab = ∂a∂bψ, Cabc = ∂a∂b∂cψ. (45)

Parameter indices a, b, c, d, e, f range from 1 to k; repeated parameter
indices in this subsection are summed. Symmetry of third derivatives
implies

Γd
ab = 1

2g
deCabe. (46)

Indeed, the usual expression 2gdeΓe
ab = ∂agbd + ∂bgad − ∂dgab reduces to

Cabd.
For completeness, differentiating the inverse metric gives ∂ag

de =
−gdrCarsg

se. Thus

∂aΓd
bc = −1

2g
drCarsg

seCbce + 1
2g

deψabce. (47)

The fourth-derivative terms cancel in ∂aΓd
bc − ∂bΓd

ac. Combining the
remaining terms with the two Christoffel-product terms in (17) yields

Rabcd := g
(
R(∂a, ∂b)∂c, ∂d

)
= 1

4g
ef
(
CbdeCacf − CadeCbcf

)
. (48)

In this index convention scalar curvature is R = gadgbcRabcd. Define the
trace covector and its norms by

τa = gbcCabc, ∥C∥2
g = gadgbegcfCabcCdef , ∥τ∥2

g = gabτaτb. (49)
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Contracting (48) now gives

R = 1
4
(
∥C∥2

g − ∥τ∥2
g

)
. (50)

All norms here use the inverse metric on covariant indices. Reversing the
convention for R reverses the signs of all curvature formulas, including the
numerical examples.

A.3 The size of the trace and the trace-free de-
composition
Equation (50) proves (22). Jacobi’s determinant identity gives

∂a log det g = gbc∂agbc = gbcCabc = τa,

proving (23). To prove the refined decomposition, work in a g-orthonormal
frame and put Sabc = τaδbc + τbδac + τcδab. Contraction gives

trS = (k + 2)τ, ∥S∥2 = 3(k + 2)∥τ∥2, ⟨C0, S⟩ = 0.

Hence
∥C∥2

g = ∥C0∥2
g + 3

k + 2∥τ∥2
g. (51)

Substitution in (50) proves (25). For k = 1, C0 = 0 and R = 0.

A.4 Expansion for logistic regression
Direct differentiation of (45) gives

gab =
∑

i

qixiaxib, Cabc =
∑

i

tixiaxibxic. (52)

Consequently,

∥C∥2
g =

∑
i,j

titj(xT
i g

−1xj)3 =
∑
i,j

titjh
3
ij , (53)

τa =
∑

i

tihiixia, (54)

∥τ∥2
g =

∑
i,j

titjhiihjjhij . (55)

Equation (50) proves (27). The terms with i = j vanish, while the
summand is symmetric in i, j, proving (28).

If n = k, matrix inversion gives H = D−1, so all off-diagonal contribu-
tions are zero. If k = 1, every two-vector Gram determinant hiihjj − h2

ij

vanishes. At w = 0, all ti = 0, hence C = 0; (48) proves the stronger
statement R(0) = 0. Finally, multiplying a Riemannian metric by a posi-
tive constant c leaves its connection unchanged and multiplies its scalar
curvature by c−1, proving the assertion about g/n.
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A.5 The geometric-algebra identity
At a fixed w, the positive-definite symmetric square root of g gives vi ·vj =
hij . For any Euclidean vectors v, u, put s = v · u and B = v ∧ u. Then

vu = s+B, uv = s−B,

v2u2 = (vu)(uv) = (s+B)(s−B) = s2 −B2.
(56)

Therefore

B2 = (v · u)2 − v2u2, ∥B∥2 = ⟨BB̃⟩0 = −B2, (57)

since reversion sends a bivector to its negative. For Bij this says

∥Bij∥2 = hiihjj − h2
ij . (58)

Substitution into (28) proves (30)–(32). The intrinsic version follows from
the pairing

g−1(ξi, ξj) = xT
i g

−1xj .

A.6 Proof of the signed multivector square
If e(r)

a are orthonormal bases of the three orthogonal copies, the blades
e

(1)
a ∧ e

(2)
b ∧ e

(3)
c are orthonormal. Thus the encoding of Ĉ as C is an

isometry and

∥C∥2 = ∥Ĉ∥2 = ∥C∥2
g, ∥τ̂∥2 = ∥τ∥2

g.

Reversion negates every trivector, so ⟨C2⟩0 = −∥C∥2
g. A vector squares to

its squared norm, and the product of a trivector and a vector has only
grades two and four. Consequently

⟨A2⟩0 = 1
4 (−∥C∥2

g + ∥τ∥2
g) = −R,

which proves (35).

A.7 Projector representation
The matrix P in (36) is symmetric and

P 2 = D1/2Xg−1(XTDX)g−1XTD1/2 = P. (59)

It has range col(D1/2X) and rank k. Since Pij = √
qiqj hij and ti = qisi,

titjh
3
ij = aiajP

3
ij , (60)

titjhiihjjhij = aiajPiiPjjPij . (61)

These identities prove (38). The expression for ai in (37) follows from
qi = 1/(4 cosh2(ui/2)) and si = − tanh(ui/2). Equivalently, the weighted
vectors bi = √

qi vi satisfy
∑

i
bib

T
i = I and bi · bj = Pij . The GA formulas

remain valid with (ti, vi) replaced by (ai, bi).
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A.8 Exact nonzero-curvature examples
For (39),

p = (1/4, 1/2, 3/4), q = (3/16, 1/4, 3/16),
t = (3/32, 0,−3/32), g = diag(5/8, 3/8).

(62)

The relevant entries are h11 = h33 = 64/15 and h13 = −16/15. Only the
pair (1, 3) contributes to (28), so

R = −1
2

(
− 9

1024

)(
−16

15

)[(64
15

)2
−
(16

15

)2
]

= − 2
25 . (63)

For (40),

p = (2/3, 4/5, 4/5), q = (2/9, 4/25, 4/25),
t = (−2/27,−12/125,−12/125), g = diag(338/225, 8/25).

(64)

Writing A = 225/338 and B = 25/8 gives

H =

(
A 2A 2A
2A 4A+B 4A−B
2A 4A−B 4A+B

)
. (65)

The Gram determinants for the pairs (1, 2), (1, 3), and (2, 3) are respectively
AB, AB, and 16AB. Therefore, with t2 = t3,

R = −2t1t2A2B − 8t22AB(4A−B) = 225
4394 > 0. (66)

Thus rectangular logistic models can have positive or negative scalar
curvature, and the square-design flatness result cannot be extended to all
designs.
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